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  TABLES

TRUTH TABLE RULES

1.
~P
: is true when P is false, and false when P is true

2.
P & Q
: is true when both P and Q are true, otherwise it is false

3.
P v Q
:  is false when P and Q are false, otherwise it is true

4.
P ( Q
: is false when P is true and Q is false, otherwise it is true

5.
P ( Q
: is true when both P and Q have the same truth values, otherwise it is false

6.
P ( Q
: is true when P and Q have different truth values, otherwise it is false.

DEFINITIONS
A tautology is a statement that is always true.

A contradiction is a statement that is always false.

A contingency is a statement that can either be true or false.

A valid argument is one where it is impossible for it to have true premises and a false conclusion.

An invalid argument may have true premises and a false conclusion.

A counterexample to an argument consists of those truth values that give an argument true premises and a false conclusion.

Only invalid arguments have counterexamples.

There are two truth values:
TRUE 
(denoted by 1)





FALSE (denoted by 0)

The operators are defined by their truth tables. What are truth tables? Well, the best way to answer this question is to show you some. Here is the truth table for ~.

	p
	~p
	

	1

0
	0

1
	Row 1

Row 2


The 1’s and 0’s stand for “true” and “false” respectively. The first row2 of values says that when p is true, ~p is false; the second row says that when p is false, ~p is true. In other words ~p has the opposite truth value to p. We call ~p the negation of p.
Column 1 (ie the column to the left of the two vertical lines) is called the matrix of the table: it lists all the possible permutations of the truth values of the prepositional variables making up the formula. When only one PV is involved there are only the two cases:

	p

	1

0


When two PVs are involved however, there are four possibilities:

	p
	q

	1

1

0

0
	1

0

1

0


This matrix is used in defining all the dyadic operators.

	p
	q
	p&q
	

	1

1

0

0
	1

0

1

0
	1

0

0

0
	p & q is called the conjunction of p and q.

It is true if both p and q are true.

p and q are the conjuncts of p and q.


	p
	q
	p(q
	

	1

1

0

0
	1

0

1

0
	1

1

1

0
	p(q is called the (inclusive) disjunction of p and q.

It is false if both p and q are false.

p and q are the (inclusive) disjuncts of p(q.


	p
	q
	p(q
	

	1

1

0

0
	1

0

1

0
	1

0

1

1
	p(q is called the (inclusive) disjunction of p and q.

It is false if both p and q are false.

p and q are the (inclusive) disjuncts of p(q.


	p
	q
	p(q
	

	1

1

0

0
	1

0

1

0
	1

0

0

1
	p(q is called the material equivalence between p and q.

It is true if p and q have the same truth values.




	p
	q
	p(q
	

	1

1

0

0
	1

0

1

0
	0

1

1

0
	p(q is called the exclusive disjunction of p and q.

It is true if p and q have opposite truth values.




You have already dealt with truth tables for simple formulae involving only one operator. Suppose you were given a formula with two or more operators and asked to draw a truth table for it. How would you do it? The following rules and definition tell us how.

Rule:

The truth table of an expression is constructed in the order in which the



expression is built up by the formation rules of PL.

Rule:

Truth values should be placed directly under the appropriate propositional 



operator or variable.

Definition:
In a formula’s truth table, the main column is the last one calculated.

Rule:

The main column should be identified by an arrow underneath.

Example 1:
To compute the truth table for ~(p(q) we begin by writing down the matrix and the expression as shown.

	p
	q
	~(p(q)

	1

1

0

0
	1

0

1

0
	0 1 1 1

1 1 0 0

0 0 1 1

0 0 1 0

( 


In accordance with the second rule, the values of p are placed right underneath p, the values of q, the values of ~(p(q) below (, and the values of ~(p(q) below ~. The column under ~ is the “main column” since it gives the values for the whole expression; in accordance with the third rule it is identified by an arrow as shown.

Example 2:
Now let’s try a harder one: the formula (p(q) ( (p&~q). We begin in the normal way.

	p
	q
	(p(q) ( (p&~q)

	1

1

0

0
	1

0

1

0
	


	p
	q
	(p(q) ( (p&~q)

	1

1

0

0
	1

0

1

0
	
1
0
0
0


1
1
1
1


1
0
0
0


0
1
0
1



(


In line with our second rule, the column for ~q is placed below ~ and the column for (p&~q) is placed below &.

Example 3:
The expression p ( (q ( r) has three PVs. How do we set up the matrix for it?


As mentioned in the previous chapter, the matrix lists all the possible permutations of the truth values of the PVs making up the formula.  Here the PVs are p, q and r. We know that there are four cases with just p and q; since each of these may be associated with r true and r false there must be eight rows in our matrix. It doesn’t really matter in which order we put these rows. However, in this book the following order will be adopted:

	p
	q
	r

	1

1

0

0

1

1

0

0
	1

0

1

0

1

0

1

0
	1

1

1

1

0

0

0

0



We can now compute the truth table for our formula. Larger truth tables involve no more tricks; they are just longer. Check through the table below to see that you agree with it.

	p
	q
	r
	p((q( r)

	1

1

0

0

1

1

0

0
	1

0

1

0

1

0

1

0
	1

1

1

1

0

0

0

0
	1
1

1
1

0
1

0
1

1
1

0
0

0
1

1
0


TRUTH TABLE LENGTHS

1.
One variable

:
2 line truth table

2.
Two variables

:
4 line truth table

3.
Three variables
:
8 line truth table

4.
Four variables

:
16 line truth table

5.
Five variables

:
32 line truth table

6.
Six variables

:
64 line truth table

The length of the table doubles each time a new variable is introduced. Eg. If the formulae or argument has seven variables, then the table must be 128 lines long.

Matrix Order:

In building matrices for more than two variables we begin by writing down the two variable matrix and then apply the following rule until we have columns of values under all the PVs involved.

For each additional PV, put 1 beside each row of the previous matrix, then copy the previous matrix underneath putting 0 beside each row.

The use of this rule can be seen in our matrix for p, q, r  above and for p, q, r, s underneath.

	p
	q
	r
	s

	1

1

0

0

1

1

0

0

1

1

0

0

1

1

0

0
	1

0

1

0

1

0

1

0

1

0

1

0

1

0

1

0
	1

1

1

1

0

0

0

0

1

1

1

1

0

0

0

0
	1

1

1

1

1

1

1

1

0

0

0

0

0

0

0

0


It should be clear that each time a new PV is added, the number of rows double, since each of the previous rows can be associated with the values 1 and 0 for the new PV.

	No.of PVs in formula
	1
	2
	3
	4
	5
	….

	No. of rows in truth table
	2
	4
	8
	16
	32
	….


This fact may be summarised thus:


A formula with n PVs has 2n rows in its truth table.
WORKSHEET NO.1

1.
Rank the operators found in each formulae in order of importance:

	1.
( P & Q )

2.
( P v Q )

3.
~P

4.
( P ( Q )

5.
( ~P & ~Q )

6.
~( P & Q )

7.
( ~P v Q )

8.
~( P ( ~Q )

9.
( ~P ( ~Q )

10.
~( P & ~Q )

11.
~( ~P v ~Q )

12.
( P & ( Q v R ))

13.
( P ( ( Q & R ))

14.
( P v ( Q ( R ))

15.
( P v ( Q & ~R ))

16.
~( P ( ( ~Q v R ))

17.
~( P v (Q & R ))


	18.
( P & ( Q v R ))

19.
( P v ( Q & R ))

20.
( ~P v ( Q & R ))

21.
( P ( ( Q v ~R ))

22.
( P ( ( Q & R ))

23.
~( ~P ( ( Q v ~R ))

24.
( P v ( Q & ~R ))

25.
( P ( ( Q (R ))

26.
( P ( ( Q v ~R ))

27.
( P ( ( Q & ~R ))

28.
~( P ( ( ~Q v R ))

29.
(( P ( Q ) & ~R )

30.
~(( P ( Q 0 ( R )

31.
~( P & Q ) v ( ~P & R )

32.
( P v Q ) ( ( Q & ~R )

33.
( P ( ( Q ( ( R & ~Q )))

~(( P & Q ) ( ( P v R ))


2.
Draw truth tables for each of the above formulae. Arrow the main operator.

To evaluate a formula of PL, calculate the main column of its truth table. It may then be classified as follows:

Tautology:
true on every row of its main column

Contradiction:
false on every row of its main column

Contingency:
true on some and false on some

Example:
By inspecting the truth table below you should be able to classify p ( ~p as tautologies, p & ~p as self-contradictory, and p&p as contingent.

	p
	p ( ~p
	p & ~p
	p & p

	1

0
	
1
0


1
1


(
	
0
0


0
1


(
	
1


0


(


Note that it is not always necessary to complete the main column to evaluate a formula. As soon as we get one 0 we know it is not a tautology. As soon as we get one 1 we know it is not a contradiction. As soon as we get at least one 1 and one 0 we know it is a contingency. This “shortened truth table” method for formulae is used in the example below.

Example:




	p
	q
	p ( ~q
	

	1

1

0

0
	1

0

1

0
	
0
0


1
1


	( p ( ~q  is contingent


Using Truth Tables, test the following formulae for tautologies, contradictions and contingencies.

	1.
P ( ( P v Q )

2.
( P ( ( P ( Q )) ( Q

3.
( P & Q ) & ( P ( ~Q )

4.
~(( P & Q ) v ~( P & Q ))

5.
P ( ( ~P ( ( Q v ~Q ))

6.
( P ( Q ) v ( Q ( Q )

7.
P ( ( P & ( P v Q ))

8.
( P ( P ) ( ( Q & ~Q )

9.
P ( ~( P & P )

10.
P ( ( Q ( R )

11.
P & ~( Q ( P )

12.
(( P ( Q ) & ( Q ( P )) ( ( P ( Q )

13.
(( P ( ( Q v R ) & ( P ( ~Q )) ( ~P

14.
~( P ( Q ) ( ~( ~P v Q )

15.
( P ( Q ) ( ( ~Q ( ~P )

16.
(( P v Q ) & P ) & ~Q


WORKSHEET NO. 2

Using Truth Tables test the following formulae for tautologies, contradictions and contingencies.

	1.
P ( ( Q ( R )

2.
( P & ~Q ) ( ( Q v P )

3.
(( Q v P ) & ~Q ) ( P

4.
( Q & ~P ) ( (~P v Q )

5.
~(( P v Q ) ( ( Q v P )

6.
(( P (( R )) ( ~( P ( R )

7.
( P & ( Q v R )) ( (( P & Q ) v ( P & R ))

8.
( P ( ( Q v R )) ( ( ~P v S )

9.
((( P & Q ) & ~R ) & (( ~P & ~Q ) & ~R ))

10.
( ~P v ( Q ( R )) ( (( P & Q ) ( R )

11.
( P & ( ~R ( S )) & ~( Q v ~( P ( Q ))

12.
(( Q ( P ) & ( P ( S )) ( ( Q & ~S )

13.
(( Q ( P ) & ( P ( Q )) ( ( Q ( P )

14.
( Q ( ( P v ~S )) ( ( ~Q & S )

15.
Q ( ~( R ( ( P ( ~Q ))

16.
( ~P & ~( Q ( ~P )) ( ~( ~P & ~P )

17.
((( P ( Q ) & ( R ( S )) & ( Q v S )) ( ( P v R )

18.
(( P & Q ) & ~R ) v ( P ( ( Q ( R ))

19.
((( P & Q ) & ~R ) v ( P ( ( Q ( R ))) v ~( P & Q )




TESTING ARGUMENTS

Definition:
An argument is valid if the premises necessarily imply the conclusion. An argument which is not valid is invalid.

Method:
1.
Translate the argument into PL

2.
Draw a truth table for the premises and the conclusion (using a common matrix)

3.
The argument is valid if there is no  row on which all the premises are true 

and the conclusion is false.

4.
If at least one such row exists the argument is invalid and the row provides a counterexample. A counterexample is formally stated by providing the assignments to the prepositional variables or constants on the counter row; an argument may have more than one counterexample but it is only necessary to state one to demonstrate invalidity.




Dictionary:
J … The Joker has his way.






B … Batman will be killed.




Translation:
J( B






 ~B






          ( ~(J(B)



Truth Table:

	J
	B
	J(B
	~B
	~(J(B)

	1

1

0

0
	1

0

1

0
	1

0

1

1
	0

1

0

1

(
	1

1

1

0




On no row are all the premises true and the conclusion false. Hence the argument is valid.
Example 2:
Test the following argument for validity.




It’s not the case that both Snoopy and the Red




Baron will be shot down.




Snoopy will not be shot down.





( The Red Baron will be shot down



Dictionary:
S … Snoopy will be shot down





R … The Red Baron will be shot down.



Translation:
~(S&R)





~S






( R

	S
	R
	~(S&R)
	~S
	R)

	1

1

0

0
	1

0

1

0
	
0
1


1
0


1
0


1
0


(
	0

0

1

1


	1

0

1

0




On the 4th row all the premises are true and the conclusion is false. Hence the argument is invalid. The counterexample is:

	S
	R

	0
	0


This is the case where neither Snoopy nor the Red Baron will be shot down.

Shortened Truth Tables

To test an argument we search for a row on which all the premises are true and the conclusion is false. Thus, as soon as we find a false premise or a true conclusion on a row we may cease work on it as it will not provide a counterexample. Usually, it is best to fill in the conclusion first. We may also skip intermediate calculations when the final result is obvious, eg. Is p  in p(q is 0 we may enter 1 under the hook without filling in the value of q. this method of saving work by cutting down on the number of entries in the truth table is called the “the shortened truth table” method for testing arguments (cf. the similar method for testing formulae).

Example:
Test the following argument-form for validity.

~p(q

p


( ~q

Truth Table:


	p
	q
	~p(q
	P
	~q

	1

1

0

0
	1

0

1

0
	
0
1
	1

0


	0

1

0

1




	(a)
	p( q

q

(p
	(h)
	p ( q

p((r&~q)

q ( r

(r

	(b)
	p ( q

p

(q
	(i)
	p(  (q&r)

r(  s

~q

(  p(s

	(c)
	p(  q

~q


(~p
	(j)
	p(~q

p(r

(~r

	(d)
	p ( q

~p


( ~q
	(k)
	p(q

q(r

( p(r

	(e)
	p( q

q(  ~p


(  p&~q
	(l)
	~p&~(q&r)

~q(p

 (~r

	(f)
	p(~p


(  ~p
	(m)
	(p&r)(  q

~q(  r


(~p

	(g)
	p((q( r)

p(  ~q

( ~p
	
	


Using Truth Tables, test the following arguments for Validity. If invalid, state a counterexample.
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Use Truth Tables to demonstrate that the following arguments are invalid or valid. If invalid, state a counterexample.

	1
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RELATIONS

1.
Equivalent
:
two formulae are equivalent if their main operators have the same 


truth values

2.
Contradictory
:
two formulae are contradictory if their main operators have opposite 


truth values

3.
Contrary
:
two formulae are contrary if there is no row where there are two true 


truth values but there is a row where there are two false values

4.
Sub Contrary
:
two formulae are sub contrary if there is no row where there are two


false truth values but there is a row where there are two true values

5.
P implies Q
:
Formula P implies formula Q, if there is no row where P is true and 


Q is false

6.
P is implied by Q:
Formula P is implied by Q if there is no row where P is false and Q is 


true

7.
P is indifferent to Q:
Formula P is indifferent to Q if there exists a situation where nothing 


above applies (no relationship)

	
	
	(a)
	(b)
	(c)
	(d)
	(e)

	p
	q
	~(p v q)
	~p&~q
	p v q
	~p&q
	p v ~q

	1
	1
	0
	0
	1
	0
	1

	1
	0
	0
	0
	1
	0
	1

	0
	1
	0
	0
	1
	1
	0

	0
	0
	1
	1
	0
	0
	1


Equivalent
a and b
Sub contrary
c and e

Contradictory
a and c
Implication d implies (d(c) is always true

Contrary
b and d

When identifying the relationship always go through the list (given above) from top to bottom (the relation ‘contradictory’ overrides ‘contrary’ for example).

RELATIONSHIPS

Use Truth Tables to discover the relationship between the following formulae.

Key:
When asked to determine the “first” modal relation, indicate the first that holds from the below list, by selecting the appropriate key number


1.
equivalent


2.
contradictory


3.
contrary


4.
sub contrary


5.
first implies second


6.
first implied by second


7.
indifferent

1.
The main columns of a possible truth table for propositions (a) – (h) are shown below.

	(a)
	(b)
	(c)
	(d)
	(e)
	(f)
	(g)
	(h)

	1
	0
	1
	0
	1
	0
	1
	1

	1
	0
	1
	0
	0
	1
	1
	0

	0
	1
	0
	0
	1
	0
	0
	0

	0
	1
	0
	0
	1
	1
	1
	0



Determine the first modal relation between the following.

	(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)


	
	(a) and (b)

(a) and (c)

(a) and (d)

(a) and (e)

(a) and (f)

(a) and (g)

(a) and (h)

(b) and (d)
	(ix)

(x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)
	
	(b) and (e)

(b) and (f)

(b) and (g)

(b) and (h)

(e) and (f)

(e) and (h)

(f) and (g)

(g) and (h)


2.
Four propositions are defined in terms of two indifferent propositions A and B as follows.


(a)
A & B


(b)
(A(B)(A


(c)
A((B(A)


(d)
(B(A)(B


Construct a common truth table for these four propositions, then state TRUE or FALSE for each of the following.


(i)
(a) is equivalent to (b)


(ii)
(a) implies (b)


(iii)
(a) is implied by (b)


(iv)
(b) is inconsistent with (d)


(v)
(c)
is implied by (b)


(vi)
(c) is subcontrary to (d)


(vii)
(c) is contrary to (b)

LOGICAL RELATIONS BETWEEN PROPOSITIONS

A.
Given the following truth table, determine the logical relation between the propositions indicated.

	a
	b
	c
	d
	e
	f
	g
	h
	1
a and b
	11 
c and g

	1
	1
	1
	0
	0
	1
	0
	0
	2
a and c
	12 
c and h

	1
	0
	1
	0
	1
	1
	0
	1
	3
a and d
	13 
d and e

	1
	1
	0
	0
	0
	1
	0
	1
	4
a and e
	14 
d and f

	0
	1
	0
	1
	0
	0
	1
	1
	5
a and f
	15 
d and g

	0
	0
	1
	1
	1
	0
	0
	1
	6
a and g
	16 
d and h

	1
	1
	0
	1
	0
	0
	1
	1
	7
a and h
	17 
e and g

	0
	1
	0
	1
	0
	0
	0
	1
	8
c and d
	18 
f and g

	1
	1
	0
	0
	0
	1
	0
	0
	9
c and e
	19 
f and h

	
	
	
	
	
	
	
	
	

10
c and f
	20 
g and h


B.
Given the following table of truth values for propositions j to q, answer the questions provided.

	j
	k
	l
	m
	n
	o
	p
	q
	21
Find a proposition equivalent to p

	0
	1
	0
	0
	1
	1
	1
	1
	22
Find a proposition contradictory to j

	0
	0
	0
	0
	1
	1
	0
	0
	23
Find a proposition contrary to k

	1
	1
	1
	0
	0
	1
	1
	0
	24 
Find a proposition subcontrary to q

	1
	1
	0
	0
	0
	0
	1
	1
	25 
Find a proposition which is implied by r

	
	
	
	
	
	
	
	
	26 
Find a proposition which implies l

	
	
	
	
	
	
	
	
	27 
Find a proposition which is indifferent to j


Symbolize the following arguments into P.C., and test for validity using a truth table. If invalid, state a counterexample.

1.
He is either tire or lazy. He is tired. So, he’s not lazy. (TL)

2.
He is either tired or lazy. But he’s not lazy. So, he’s tired. (TL)

3.
He’s not both tired and lazy. Hence he’s not tired and he’s not lazy. (TL)

4.
Either he’s not tired or he’s not lazy. Therefore it’s not the case he’s either tired or lazy. (TL)

5.
I will succeed if and only if I try. But I won’t try unless I see a reason for trying. Hence I will succeed only if I see a reason for trying. (STR)

6.
Peter is a logician only if Stewart is. Now Stewart is not a logician unless both Anna and Peter are. Since Anna is a logician however, we may deduce that at least one of Stewart and Peter are logicians. (PSA)

7.
I get annoyed with the class only if they’re noisy. If they’re not noisy then they learn a lot. Hence either I get annoyed with the class or they learn a lot. (ANL)

8.
If I have at least seven marbles then I have eight marbles. Hence either I have at least seven marbles or I don’t have eight marbles. (SE)

9.
If I am tired I will go to bed. However, I don’t get very tired unless I have been working hard. Now I have been working very hard. So, I will go to bed. (TGW)

REVISION NO. 1

Question 1 : The following represent the main operator columns of truth tables.

	A
	B
	C
	D
	E
	F

	1
	1
	0
	1
	1
	0

	1
	1
	0
	1
	1
	0

	0
	0
	1
	0
	1
	0

	0
	1
	1
	0
	1
	1

	0
	0
	1
	0
	1
	1

	1
	1
	0
	1
	0
	0

	0
	0
	1
	0
	1
	1

	1
	1
	0
	1
	1
	0


	(a)
	A and B
	(b)
	B and C
	(c)
	A and D
	(d)
	E and C

	(e)
	D and B
	(f)
	A and C
	(g)
	D and F
	(h)
	E and F


Question 2 : 
Put the following on truth tables and classify them as tautologies, contradictions, and contingencies.



1.
((P ( Q ) & ~( Q v ~P )) ( (P ( Q )



2.
~(R v P) ( (Q v ~((P ( Q) & ~P ))

Question 3:
Use truth tables to test the following arguments for validity. If invalid, state a counterexample.



(a)

[image: image23.wmf]P

Q

P

R

Q

P

~

~

)

(

º

É

n


(b)
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(c)
He is either tired or lazy. He is tired. So, he is not lazy. (TL)



(d)
I will succeed if and only if I try. I won’t try or I see a reason for trying. Hence, if I 
see a reason for trying I will succeed. (STR)

 REVISION NO. 2

1.
Use truth tables to test the following for Tautologies, Contradictions and Contingencies.

(a)


(b)


(c)


(d)


(e)


(f)


2.
Use truth tables to determine whether the following arguments are valid. If invalid, state a counterexample.

	(a)
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	(c)
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	(f)
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3.
Use truth tables to show the truth functional relationships between the following propositions.

(a)
((P(Q) (R)
(i)
(a) and (b)

(b)
((P(Q) ( R)
(ii)
(a) and (c)

(c)
((P&Q)(R)
(iii)
(a) and (d)

(d)
~(P((Q(R))
(iv)
(a) and (e)

(e)
((P(Q)(R)
(v)
(b) and (c)



(vi)
(b) and (d)



(vii)
(b) and (e)



(viii)
(c) and (d)



(ix)
(c) and (e)



(x)
(d) and (e)

_1023106828.unknown

_1023180728.unknown

_1023189676.unknown

_1023190587.unknown

_1023190898.unknown

_1023189846.unknown

_1023189916.unknown

_1023190018.unknown

_1023189788.unknown

_1023185294.unknown

_1023189420.unknown

_1023185239.unknown

_1023180176.unknown

_1023180557.unknown

_1023180654.unknown

_1023180355.unknown

_1023107589.unknown

_1023180099.unknown

_1023180111.unknown

_1023164945.unknown

_1023107511.unknown

_1023106381.unknown

_1023106569.unknown

_1023106629.unknown

_1023106520.unknown

_1023105841.unknown

_1023106153.unknown

_1023106206.unknown

_1023106304.unknown

_1023105889.unknown

_1023105684.unknown

