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TRUTH TREES

Truth Trees are another method for testing formulae and arguments. They are quicker then truth tables if a lot of variables are used in the formulae. (An argument with 5 variables – p, q,r, s, t requires 32 lines on a truth table.)

GENERAL RULES

We use REPLACEMENT RULES to replace an expression with one which is equivalent to it. These rules generate the tree. Every line of a truth tree is TRUE.  

If there is only ONE way of making an operator true, then the rule replaces it with the variables straight down the tree.

Eg.

1
 p
 & 
q 
( the & is replaced by writing down that p must be true and q MUST be true)

2

p

3

q

If there is MORE than one way of making an operator true, then we BRANCH. A branch means ‘OR’

Eg.

1
p
v
q
(to make a V true, either the LHS must be true or the RHS must be true)


2
p

q

REPLACEMENT RULES

1.
(P & Q )



P



Q


2.
~( P & Q )



~P

~Q

3.
( P
 v
Q )



P

Q
4.
~(P

v
Q )




~P




~Q



5.
( P

Q )



~P

Q


6.
~( P

Q )




P




~Q

7.
( P

Q )



P

~P


Q

~Q


8.
~( P

Q )



P

~P


~Q

Q

9.
( P
Q )



P

~P


~Q

Q
10.
~( P

Q )



P

~P


Q

~Q

If the rule columns then there is only one way of making the formulae true, whereas if the formulae branches, then there is more than one way of making the formulae true.

Note: with the  and the  there are always two tildes to be distributed.

SIMPLE TREES

EXAMPLE A

1.
P
&
(q v r)

2.

P

3.
q v r


4.
q

r3


EXAMPLE B

1.
P

(q v r)

2.
~P

q  r
1.





~q
r
2.

EXAMPLE C

1.
(P  q) & (~q v r)

2.

P  q

3.
~q  v r


4.
~q


r
3.

5.
Pq


Pvq
2.


6.
~p
q
~P
q


EXAMPLE D

1.
(P  q)

r


2.
P  q


~(P  q )
1.

3.
     r


~r

1.






p

4.
~p

q2
~q

METHOD

1.
Always replace the MAIN operator first with its replacement rule.

2.
If an unreplaced operator is above a branch, it must be replaced at the end of EACH branch that 
is below it (see example C).

3.
Once a tree branches, each branch is independent of the others.

4.
If a branch has a contradiction on it, close it with an X (example C). Contradictions are only 
with simple variables.
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TRUTH TREES 1

Truth Trees: Getting Started. Carry out the truth Tree procedure for the following:

1.

p & q
2.

p & ~q
3.

~p & ~q
4.

p v q
5.

~p v q
6.

~p v ~q
7.

p  q
8.

~p  q

9.

q  p
10.

q  ~p
11.

~q  ~p
12.

~(p & q)
13.

~(p & ~q)
14.

~( ~p v q)
15.

~( p  q)

16.

~(~q  p)
17.

~(~p & ~q)
18.

~(~p v ~q)
19.

~(~q  ~p)
20.

~p&q
21.

~p  ~q
22.

p v ~q

23.

p  q
24.

~ p  q
25.

~p  ~q
26.

p  q
27.

p  ~q
28.

~q  ~p
29.

~(p  q)

30.

~(p  ~q)
31.

~(~p  ~q)
32.

~(~q  ~p)
33.

~(q  ~p)
34.

~p  q
35.

p  ~q

36.

p & (q v r)
37.

(p & q) v r
38.

p  (q & r)
39.

(p  q) & r
40.

(p v q) & r

41.

p v (q & r)
42.

(p & q)  r
43.

(p v q)  r
44.

(p v q) v r
45.

p & (q & r)

46.

(p&q)  (r v s)
47.

(p  q) v (r & s)
48.

(p  q) v (r  s)
49.

(p v q)  (r v s)

Test for Contradiction:
Simply write down the formula and apply the rules.









The formula is a contradiction if all branches close.

Example 1:
Show that p & ~p is a contradiction.

Solution:

p & ~p


P


~p


x

This problem is about as easy as you can get; it needed only one application of Rule 1 before closure, and you should have no difficulty in following the solution provided above. However, sometimes trees get very long and complicated; and to make them easier to follow we introduce a convention to help explain the steps. On the left of our tree we number the lines consecutively so that they can be referred to easily. This gives



1.
p & ~p


2.

p


3.

~p




x

On the right of our tree we provide a justification column.



1.
p & ~p


2.

p


3.

~p




x

Example 2:
Test to see if p & (p  ~p) is a contradiction.

Solution:


1.
p & (p  ~p)

F




2.

p



3.

~p





x




4.
~p

~p

3




x

x

All branches close. Therefore p & (p  ~p) is a contradiction.

Example 3:
Test to see if p  (p  q) is a contradiction.




1.
p   (p  ~p)

F




2.

p
~p




3.

~p   q
~(p q)







4.




p



5.




~q








x



6.

~p

q



3a





x

There is an unclosed branch on the completed tree. Therefore p  (p  q) is not a contradiction.

Test for Tautology: 
Negate the formula and apply the rules. The formula is a tautology if all branches close.

Since the first line of our tree contains the negated formula, we write “NF” instead of “F” at the top of the justification column.

Example 1:
Show that p V ~p is a tautology.



1.
~(p V ~p)


NF



2.
~p



3.
p





x

Example 2:
Test to see if p   (q  p)) is a tautology.



1.
~(p   (q  p))

NF



2.
p



3.
     ~(q p)



4.
q




5.
~p





x


 p  (q  p) is a taugology.

Example 3:
Test p  q .  . ~q ~p for tautologyhood.



1.
~(p  q .  . ~q ~p)
NF







2.

p  q

   ~(p  q)



3.

~(~q  ~p)
   ~q  ~p



4.

   ~q

      p



5.

     p

    ~q 




6.

~p
q
q
~p

          2a, 3b






x
x
x
x


 p  q .  . ~q ~p  is a tautology

Example 4:
Test to see if p  (p  q)) is a tautology.



1.

~( p  (p  q))




NF



2.

p

~p



3.

~(p q)
p  q




4.

p



5.

~q


The left branch will not close.


 p  (p  q) is not a tautology.

Longer example:

Test to see if  (~pVq) & (s  t) & ~(r &~s) & (q  r).  . p   t is a tautology.



1.
~[(~pVq) & (s  t) & ~(r &~s) & (q  r).  . p   t]

NF



2.
~(~pVq) & (s  t) & ~(r &~s) & (q  r)



3.

~(p  t)




4.

p



5.

~t




6.

~p V q



7.

s  t



8.

~(r & ~s)



9.

q  r




10.

~p

q



6(Rule 3)






x



11.


~r

s


8(Rule 7, DN)





12.


s

~s
s

~s



13.



t

~t
t

~t







x



x

x




14.




q

~q



15.




r

~r









x

x

 the formula is a tautology.

Note carefully that the replacing expression must always be added to every open branch stemming from the replaced expression, eg. both pairs of branches on lines 12 and 13 are required.
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TRUTH TREES 2

Question 1.
Carry out the branching procedure for the following:

(a)
p V q

(c)
~(p & q)

(e)
~(p q)

(g)
(p v q) & q

(i)
(p  q) ~q
(b)
~(p  q)

(d)
(p  ~q)

(f)
(p  ~q)

(h)
~(p  ~q)  q

(j)
((p v q)  ~p)  (p & q)

Question 2
Carry out the replacement procedure for the following formulae.

1.
~P & Q

2.
~P v ~Q

3.
P  ~Q

4.
~P  Q

5.
~(P  Q)

6.
(~P  ~Q)

7.
~P & ~Q

8.
~(P v Q)

9.
~(P  ~Q)

10.
~(~P v ~Q)

11.
~(P  ~Q)

12.
P & (Q v R)
13.
 ~P & (Q  R )

14.
~P v (Q  R)

15.
P  (Q & R)

16.
P  (Q v R)

17.
~P  (Q & R)

18.
~P  ~(Q & R)

19.
P  (Q v R)

20.
P  ~(Q  R)

21.
P  (Q & R)

22.
P  (Q v R)

23.
P  (Q & R )

24.
P  ~(Q  R)
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TRUTH TREES 3

Question 1
Using truth trees test the following formulae for contradictions.

(a)
p & ~ (q  p)

(b)
~p & ~(p  q)

(c)
p  (~ p v q)

(d)
~(p  (~ p v q)

(e)
(p  q)  (~ p v q)

(f)
~(p v q)  ~(~ p & ~q)

(g)
(p  ~q) & (p  ~q)

(h)
(~p & (q v r)) & (p & q)

(i)
((p  q) & (q  r ))  (p & ~r)

(j)
(p & (~ r  s)) & ~(q v ~(p  q))

Question 2
Using truth trees test the following formulae for tautologies.

(a)
((p v q)  (p & q))

(b)
((p & q)  (p v q))

(c)
((p  q) & ~q )  ~p)

(d)
(p  q)  ~p

(e)
(p  q)  (p v q)

(f)
(p v q)  (p  q)

(g)
p  (~p  q)


(h)
(p & ~p)  (q & r)

(i)
(p  q) v (p  r)

(j)
((p & q)  r)  (p  (q  r))

*(k)
((p  q) v s)  ((q v p) & s)

*(l)
(r  (p  q))  ((r  p)  (r  q))

*(m)
(p  q)  (~q  ~p)



Use Truth Trees to discover which of the following formulae are tautologies, contradictions or contingencies.

1. P & ~(Q  P)


2. P  (Q  R)


3. ((P  Q ) & (Q  R))  (P & ~R )


4. ~ ((Q  (R & ~ R)) v (P  ( Q  P )))


5. (P & ( ~R  S )) & ~( Q v ~(P  Q))


6. ((P  ~( Q v S )) & (Q  ~R))  (P  ~R)


7. (P  Q )  ( Q  P )


8. (( P  (Q v R )) & ( P  ~Q ))  ~P


9. (P v (Q & R ))  (( P v Q ) & ( P v R ))


10. ((P  R )  ( ~S v Q )) & (~R  (S  ~P ))


11. (( P  S ) & (~S & ( Q  R )))  (R v ( P  ( ~Q & S )))


12. ~(( ~P  Q) & ( ~P & Q ))


13. (( P  Q ) v (R  Q ))   (( P & R )  Q )

Use Truth Trees to discover which of the following formulae are tautologies, contradictions or contingencies.

1. ~(( P V ( Q & R )).  ( P & ( Q v R ))


2. ( ~P  (( P  Q )  ~Q )) 


3. ( P  ( Q  R ))  (( P  Q )  ( P  R ))


4. (( P & (Q v R ))  (( P & Q ) v ( P & R ))


5. (((( P v Q ) & ( P  R )) & ( Q  T ))  ( R v T ))


6. ~(((( P & Q ) & R ) & (( Q v R )  S ))  S )


7. ( ~ (( ~P v Q ) & ( P  R )) & (( Q  ~R )  ~R ))


8. (P v ( Q & R ))  (( P v Q )) & ~R )


9. ((( ~P  ( Q & R )) & ~P )  ( T  Q ))


10. ( P  Q )  ~( P v Q )


11. ( P & Q ) & ( ~(P  Q ) v ~(~R  ~P ))


12. (P  ( Q  R ))  (( ~P  ~Q )  ( P  ~R ))


RELATIONSHIPS BETWEEN FORMULAE

The tree method for identifying a tautology or contradiction may easily be extended to test the three relationships between formulae mentioned in section 3.4. The technique follows immediately from the definitions of these relations, where we let  and  be any wffs of PL.

First, we have

 necessarily implies  iff    is a tautology.

Hence to find out if  necessarily implies  we simply apply the test for tautology on   .

Test for Necessary Implication:
Negate (  ) and apply the rules.  necessarily implies  if all branches close.

Example:
Determine whether p & q necessarily implies q.



1.
~((~p&q)  . q





NF



2.
p & q






1



3.
~q





4.

p



5.

q






x

 it is a tautology.that ~(~p&q)  . q
i.e. p&q necessarily implies q.

Similarly, from the fact that

 is necessarily equivalent to  iff    is a tautology, we arrive at the following.

Test for Necessary Equivalence:
Negate (  ) and apply the rules.  is necessarily equivalent to  iff all branches close.

Example:
Test to see if p  (q   r)  is necessarily equivalent to (p  q)  r.



1.

~[p  (q  r). .(p  q)  r]



NF







2.

p  (q  r)

   ~[p   (q   r)]



3.

~[(p  q)  r]

   (p   q)  r



4.

   ~(p  q)


 ~ p



5.

        ~r



 ~(q  r)



6.

~p



 ~q       


    2a, 3b



7.

~q


   
~r



8.
p

q  r

p   q

r





x





x


    8b, 8c



9.


q
r
p
q







x
x
x
x

All branches close. p  (q  r) is necessarily equivalent to .( p  q)  r

Use Truth Trees to discover whether the two formulae imply one another.

1. P v Q : P


2. P & Q : P v Q


3. P v Q : P & (Q  R )


4. P & ( Q v ~R ) : ~R v P


5. (P  Q ) & ( Q  R ) : P  R


6. ~(P v Q v R v S v T ) : (P  T)  (R  S)

Test the following formulae for equivalence using Truth Trees.

1. (P & Q ) and (P & ( P v Q ))


2. ( P  Q ) & ( ~Q v R ) and (P  R )


3. (A & ~B ) v C and (A v C) & (~B v C)


4. (A v B)  ~C and (~A & ~B) v ~C

Theory:

1. Explain why a formula is negated when testing for a tautology, using a Truth Tree?

2. Why do we test a truth tree twice when testing for a contingency?

3. Why do we negate the conclusion when testing for validity, in truth trees?

4. Why do we use a negated hook when testing for implication, using truth trees?

TESTING ARGUMENTS

Method:
Write down all the premises (P) and the negation of the conclusion (NC) and apply the rules.



If all branches close, the argument is valid.

If at least one branch remains open, the argument is invalid, and such an open branch provides a counterexample.

Example 1:
Test the following argument-form for validity.

(p  q)  r

p


   
r



1.



(p  q)  r


P



2.

p 



P



3.

~r



NC



4.

~(p  q)
 r


1







x



5.

      

~p






6.



~q








x


All branches close.   the argument is valid.

Example 2:
Test the following argument form for validity.

p  (q    r)

p


   
r



1.



p  (q    r)


P



2.

p 



P



3.

~r



NC



4.

~p

q   r

1






x



5.

      


q

r
4b











x


An open branch remains.  the argument is invalid


Counterexample:
p
q
r
(This is just a neat way of




1
1
0
saying that our counter-branch






contains the elements p, q  and ~r)

Given an argument in English we first translate it into PL and then apply the method. Here we will be dealing with propositional constants rather than propositional variables.

Example 3:
Test the following argument for validity.


If Bernard is my brother then so is John, and Vince is my brother


only if Paul is. Now at least one of Bernard and Vince is my


brother; so either John is my brother or Paul is.


Dictionary;
B  …  Bernard is my brother



J  …  John is my brother



V  … Vince is my brother



P  …  Paul is my brother 


Translation:
BJ



VP



BV



J  P


Tree solution:



1.



B J



P



2.

V P



P



3.

B  V



P



4.

~(J  P)



NC



5.



~J






6.



~P



7.

~B
J
1








x



8.
~V
P

2





x



9.
B

V




x

x


All branches close.    the argument is valid.

(LS) & (T  M)

 T  ~L


Tree solution:



1.



(LS) & (T  M)

P



2.

~(T~L)


NC




3.

L  S




4.

T  M




5.



T






6.



L



7.

~L
S
3







x



8.

~T

M
4





x


Since an open branch remains, the argument is invalid.


Counterexample;
L
S
T
M





1
1
1
1

1.


(a)
A  B


B


 A
(g)
A  B


B  C


 A  C

(b)
A  B


A


 B
(h)
A  (B  C)


A  ~B


~A

(c)
A  B


~B


 ~A
(i)
A  B


A  (C & ~ B)


B  C


 C

(d)
A  B


~A


 ~B
(j)
A  ~B


B  C


 ~C

(e)
A  B


~(A & B)


 ~(A  B)
(k)
A  (B & C)


C  D


~B


 A  D

(f)
A  B


B  ~A


 A & ~B


2.
Use truth trees to demonstrate validity or invalidity of the following. If invalid, state counterexample.

(a)
1.
A  B


2.
~(B & C)


A  ~C
(g)
1.
A  (B  C)


2.
(B & C)  A


3.
~B & ~C


 ~(B & C)

(b)
1.
~p & ~(~p & ~q)


2.
~p & ~p


~q & ~q
(h)
1.
A  (B  C)


2.
A  C


3.
~C


 ~(B  C)

(c)
1.
p  (q & r)


2.
r  s


3.
~q



p  s


(i)
1.
A  B


2.
C  D


 (A  C)  (B & D)

(d)
1.
(AB) & (C  ~D)


2.
~(~A & ~C)


 ~(~B & D)


(j)
1.
~p  q


2.
~q


3.
(p & r)  s


4.
~r  (t & v)


5.
~s


 v & t

(e)
1.
(p   q)  ~r


2.
r  ~(q  r)


 ~q  p
(k)
1.
A  (B  C)


2.
(B & C)  D


 ~A  D

 (f)
1.
A  (B & C)


2.
~B  ~C


 A


Use Truth Trees to determine whether the following arguments are or valid or invalid. If invalid, state their counterexample.

1.
(A  B)


A


~B
8.
(A B)


(C  D)


((A  C )  (B & D ))

2.
(A  B)


~(B & C)


(A  ~C)
9.
(A  (B  C))


((B & C )  D )


(~A  D)

3.
~p & ~(~p & ~q)


~p


~q
10
(p  (q & r ))


(q & ~p)


(r  p )

4.
(p  q)


(q  r)


(r  s)


(~s  ~p)
11.
(r  (s  t ))


s


~t


~r

5.
((p  q)  r)


(p  s)


~s


~t


(r  t)


q
12.
((p  q )  ~r)


(r  ~(q  r ))


(~q  p)

6.
(p  (q & p ))


(r ~s)


~q


(p  s)
13.
((p  q ( r)


((p  r) & (q  r ))

7.
(A  B)


(~A  C)


~(B  C)


D


TRUTH TREES REVISION

1.
Use Truth Trees to determine whether the following propositions are Tautologies, 
Contradictions or Contingencies.

(a)
~(( P   ( Q & R ))  (P & (Q    R)) 

(b)
~(( P   Q )  ( ~P  Q ))

(c)
((P  ( Q  R ))  (( P  Q )  ( P  R )))

(d)
( P  ( Q  ( P & Q )))

(e)
~(( P & ( Q   R ))  (( P & Q )  ( P & R )))

(f)
~((( P  Q ) & ( Q  R))  R )

(g)
~(((( P   Q ) & (P  R )) & ( Q  T ))  ( R   T ))

(h)
~(((( P & Q ) & R )  (( Q  R )  S ))  S )

(i)
(( P  Q )  ( ~ Q  ~ P ))

(j)
~((( P  ( Q & R )) & ~P )  ( T  Q ))

2.
Use Truth Trees to determine whether the following pairs of formulae are Equivalent.

(a)
( P & R ) and (~R   ~P )

(b)
(P  Q ) and ( ~Q  ~P )

(c)
(( ~P & ~Q )  R ) and (( Q  R )  P )

(d)
(( P   ~P )  Q ) and (( Q & P )  ~Q )

(e)
( Q & P ) and (P  ~Q )

(f)
~( P & Q ) and ( ~P & ~Q )

3.
Use Truth Trees to determine whether the following pairs of propositions Imply one 
another.

(a)
(P & Q ) and P

(b)
(P   Q ) and P

(c)
~(P   Q   E   S   T ) and (( P  T )  (R  S ))

(d)
( P  ~( Q  P )) and (( P  ~Q )  ~P )

(e)
(P  Q ) and ~( Q  ~P )

(f)
P and (( ~Q & P )  Q )

ARGUMENT FORMS

1.
Symbolise the following arguments. Using Truth Trees test each for validity. If invalid state a counter-example.


(a)
We get money and staff, if either the budget is increased or we write a good 


submission. Since we get no staff, we did not write a good submission.   (M,S,I)


(b)
Either the manager will agree or he will fire you. If the project is good he will 


agree. He will fire you if the project is uneconomical. So the project is either good 

or uneconomical.  (A,F,U,G)


(c)
If the wheat grew and it did not rain during October, then there would have been a 

good harvest. But there was a good harvest, even though the wheat grew. So it must 

have rained during October.  (G, R, H)


(d)
John will be embarrassed only if he feels embarrassed. So, if he does not feel 


embarrassed he will not be embarrassed.  (B, F)


(e)
Uranium should be mined only if there is a foolproof way of disposing of the waste 

products. Since there is no such foolproof method, it follows that it’s not the case 

that uranium should be mined.  (M, D)


(f)
Weather forecasting is an exact science. Hence it will either rain or not rain 


tomorrow.  (S, R)


(g)
Jones will meet the contract deadline only if there has been no strike. Since there 

has been no strike it follows that he will meet the deadline.   (M, S)

2.
Symbolise the following arguments. Using Truth Trees test each for validity. If invalid state a counter-example.


(a)
Only if Susan has a good excuse is she exempted from attendance at the practical 

class. If Susan stays at home then she is exempted from attendance at the practical 

class. But, since she does not have a good excuse, she will not stay at home.  (G, E, 

H)


(b)
If I am very tired I will go to bed. However, I don’t get very tired unless I have 


been working hard. Now I have been working very hard. So, I will go to bed.  (T, 

B, W)


(c)
If the Premiers do not get more money they will cut back on services to the public. 

If they do cut back on such services then the public at large will protest. If the 


Premiers do get more money then the taxpayers will protest. So either the public at 

large or the taxpayers will protest.  (M, P, T)


(d)
If Jones becomes ill only if the wattle tree blooms, then he is either allergic to 


wattle or something else is causing his illness. Since he is not allergic to wattle but 

he has become ill, it follows that something else is causing his illness.  (I, B, A, E)


(e)
If people are oppressed then there will be violence. Why? Because people are not 

oppressed unless force is used. If force is used then either there is complete 


submission or there is resistance. If there is resistance there will be violence and 


there is never complete submission.  (O, V, F, C, R)


(f)
Student numbers will be increased if and only if the Universities Commission 


increases the quota. Either the Government will not be kind or more money will be 

given for education. So, if the Government is kind, and more money will be given 

for education only if the Universities Commission increases the quota, then student 

numbers will be increased.   (N, U, K, E)


(g)
The symbol for tungsten is W if and only if it is not T. This follows from the 


following assumptions: either the symbol for tungsten is not T or else wolfram is a 

metal; either the symbol for tungsten is T and is not W or else wolfram is neither a 

metal nor a gas; if wolfram is not a metal then it is not a gas either, and finally if the 

symbol for tungsten is T then the symbol is T and not W. (W, T, M, G)
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